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On the quadrilateral O,—P, element for the Stokes problem
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SUMMARY

The O, — P, approximation is one of the most popular Stokes elements. Two possible choices are given
for the definition of the pressure space: one can either use a global pressure approximation (that is on
each quadrilateral the finite element space is spanned by 1 and by the global co-ordinates x and y)
or a local approach (consisting in generating the local space by means of the constants and the local
curvilinear co-ordinates on each quadrilateral & and 7). The former choice is known to provide optimal
error estimates on general meshes. This has been shown, as it is standard, by proving a discrete inf—
sup condition. In the present paper we check that the latter approach satisfies the inf-sup condition as
well. However, recent results on quadrilateral finite elements bring to light a Jack in the approximation
properties for the space coming out from the local pressure approach. Numerical results actually show
that the second choice (local or mapped pressure approximation) is suboptimally convergent. Copyright
© 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In this paper we shall deal with the Q,—P; mixed finite element approximation of the Stokes
problem in a polygonal domain €2: given f find 4 and p such that

—Au+Vp = f inQ
divu =0 inQ (D
u=0 on o)

A standard variational formulation is given by
/vz<+oo,/ U—O}
Q Q
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Hy(Q) = {U:QHR‘/ |Vu|? <400, v=0 on GQ}
Q

V= H)(Q)? 2)
0 = L§()
given f eV’ find (u, p)eV x Q such that
(Yu, Vo) — (dive, p) = (f,v) VeV
(divu,g) =0 VgeQ

where (-,-) denotes the scalar product in Z*(2)" (n=1,2) and (-,-) the duality pair between
V and V'.

It is classical to build a conforming finite element approximation of Equation (2) by choos-
ing finite dimensional subspaces V;, CV and O, CQ and to consider the following discrete
problem:

find (u,, p») € Vi x Oy such that

Nuy, Vv) — (divo, pp) = (f,v) Voel,

- _ (3)
(divu,,q) =0 Vg e Oy
The standard theory of mixed finite elements [1] states that the inf-sup condition

divo,
>0 st sup g)ﬂ”q\\g, Vg€ Oy 4)

vevy  llElly

implies the following estimate

I~ wylly + 1P = pilo<C _int (a2l +llp ~ gllo) (5)

with C independent of 4.

Let us consider separately the two terms in the right-hand side of estimate (5) when using
the O,—P; scheme.

To make the definitions of the discrete spaces clearer, we introduce some notation. We
shall denote by K the reference square, by K a generic quadrilateral and by Fx :K — K the
bilinear mapping associated with K. The global co-ordinates on K will be denoted by (&, ),
while the co-ordinates on K by (x, y).

We approximate the velocity space V' by means of continuous piecewise biquadratic vector
fields, i.e. V,=2NH}(2)?. This means that on the reference square K each component of
the shape functions is the tensor product of a quadratic polynomial in x and a quadratic
polynomial in y, that is

22
Q()’e’ .)’}) _< Z aijjely‘], Z b,jjx yj>
i,j=0 i,j=0

We then define the shape functions on the physical element K by composing ¢ with the
inverse of the mapping Fx, namely

o(x, )= p(F '(x, )

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 39:1001-1011



ON THE Q,-P ELEMENT FOR STOKES 1003

Figure 1. The space ¥}, and the local co-ordinate frame (&, 7).

Another equivalent way of presenting the space V), is to introduce a local curvilinear
co-ordinate frame on K, usually denoted by (&,7), and to define the shape functions
locally as

i,j=0 ij=

qo(&n)z( > al'n’, Zobijé’n’>

In Figure 1 the degrees of freedom for Jj are plotted together with the local co-ordinate

system (&, 7).
Standard finite element approximation properties state that the bound

. i _ 2

inf flu —olly = O(h7) (6)

holds true provided the triangulation sequence is regular and the solution u is smooth enough.
On the other hand, two choices are possible for the definition of Q.

Cl: the first one consists in defining Q) the same way as we did for the space ¥}, that is
locally spanned by 1, ¢ and 5. The construction can be presented in two possible ways:

e cither considering a shape function
U D) =ao + aik + arp

defined on the reference square K and then transforming it using the mapping F; as
follows:

Wix, ) =P (6, )

e or making use of the local co-ordinates, namely

W& n)=ao+ail+axm

C2: the second possible choice consists in using unmapped linear functions,
that is

Y(x,y)=ap+ aix + ary

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 39:1001-1011
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We remark that choice C2 was not possible for the definition of Vj: without the use of the
mapping Fx it turns out that no continuity can be imposed from one element to the other. On
the other hand functions in Q) need not be continuous, so that this choice is practicable in
this case.

Recent results show that choice C2 is actually the correct one for what the approximation
properties are concerned. Let us call O, i=1,2 the discrete spaces obtained by means of
choice Ci. In Reference [2] it has been proved that

inf |[p—qlo = O(h
Jnf 1P —dllo = Oh)

inf |p—qlo = O(h?
Jnf llp = dllo = O(7)

(7)

when the mesh sequence is regular and the solution p is smooth enough. Actually, the second
bound in Equation (7) is not new, while the first one is suboptimal and can be made more
precise. In particular in Reference [2] a sequence of meshes of a square has been presented
for which the first bound in Equation (7) cannot be improved even if p is a polynomial.

The results presented so far imply that if one is interested in an optimal approximation
of the solution (u, p) of the Stokes problem (1) by means of the 0,—P, method then one
necessarily has to use O, = Q®, that is a global (or unmapped) pressure approach. Numerical
evidence of this pathology has been reported with no explanation in a particular case also in
Reference [3].

According to Reference [1, p.216] the inf-sup condition (4) in the case O, = Q® has been
proven first in 1979 during the Banff Conference on Finite Elements in Flow Problems. Two
different proofs can be found in References [4, 5]. Hence the following bounds are achieved
for the global approach, provided u and p are regular enough:

lu = wyllv +11p = pallo =O(h*) (8)

On the other hand, the choice O, =Q), that is a local (or mapped) approach has never
been analysed from the mathematical point of view even if it has been used sometimes by
the practitioners. The aim of this paper is to show that the local approach is never to be used
even if one is only interested in the first component u of the solution of (2). In order to do
that, we first prove that the ¥, — Q") method is a good mixed method, in the sense that the
inf—sup condition (4) is satisfied. The proof of this result is given in Section 2, together with
a recap on the macroelement technique by Stenberg [5].

The stability of the choice O, =Q"), together with (5), (6) and the first of (7) gives a
V,-suboptimal bound

lu—u,llv + Il p — paullo=O(h) )

even for smooth u and p.

One could think, however, that the discrete velocity u, behaves better than estimate (9)
says and that the local method might be used if one is not interested in a good approximation
of p.

In Section 3 we report on our numerical experiments which confirm the general behaviour
of mixed approximations: with O, = Q") estimate (9) cannot be improved in general. In
particular, using the sequence of meshes introduced in Reference [2], with a particular choice

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 39:1001-1011
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of f (which is a polynomial, so that no regularity issue is present in our example), we find
that ||u — u,||y is nothing better than O(h).

2. THE INF-SUP CONDITION

For the proof of the inf-sup condition we shall apply the macroelement technique.

We shall make use of the following notation. A macroelement is an open polygon, which
is the union of adjacent elements. A macroelement M is said to be equivalent to a reference
element M if there exists a mapping Fj; : M — M such that

(1) Fy is continuous and invertible;

(2) Fu()=M; A A A

(3) If M=JK;, where K;, j=1,...,m are the elements defining M, then K;=Fy(X;),
j=1,...,m, are the elements of M;

(4) Ful g =F 0 Egl, j=1,...,m, where we recall that Fx denotes the bilinear mapping
from the reference element to the generic element K.

We denote by &; the equivalence class of M. We now introduce the discrete spaces
associated with J, and O, on the generic macroelement M.

Vo = {QEHOI(M)2|y:w|M with weV,}

Oonr — {peﬁ(m] [ p=0. p=alu with quh}

We finally introduce a space which corresponds to the kernel of the transpose of the discrete
divergence operator acting on ¥ .

Ky = {pEQo,M ‘/ pdiVQ: 0, Yoe V()M}
M
The macroelement condition reads

K =1{0} (10)

We shall use the following macroelement lemma which follows from the theory in
Reference [3]:

Lemma 1

Suppose that each triangulation can be decomposed in disjoint macroelements belonging to a
fixed number (independent of %) of equivalence classes &, i=1,...,n. Suppose, moreover,
that J}, is such that the pair Vj, — K, satisfies the inf-—sup condition (4), where K, is the space
of piecewise constant functions contained in Q. Then the macroelement condition (10) (for
every M €6y, i=1,...,n) implies the inf-sup condition (4) for the spaces V;, — Oj.

The next theorem is the main result of this section.

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 39:1001-1011
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Theorem 1

Let ¥, be defined as in the introduction (i.e. V=2 NH{(Q)?) and Q) be like in choice
C1 (that is piecewise linear functions with the local or mapped approach). Then the inf-sup
condition (4) holds true.

Proof

We use the macroelement technique with macroelements consisting of only one element. We
then prove that the macroelement condition (10) is satisfied with M =K for any element K
of our mesh.

Let us denote by v, and v, the basis functions associated to the node internal to K (with
the notation above, V x is spanned by {v,,v,}). Moreover, we shall denote by ¢ and n the
two components of the inverse of Fx, that is, Oy ¢ is spanned by {& — &y, — 1o}, where &
and 7o are the averages on K of ¢ and 5, respectively.

The macroelement condition (10) reduces to an algebraic problem. Namely, we are led to
show that the matrix

/divglfdxdy /divylndxdy
B —| /% K

=
/divyzfdxdy /divyzndxdy
K K

is non-singular. .
If K is the reference square ] — 1,1[x] — 1,1[ and the bilinear mapping Fx:K — K is
given by

X = a; + @k + azP + akyp

. . . (11)
y = by + bX + b3y + bsxy
then the jacobian matrix is
A a+asy a3+ asx
J(X, )= R R 12
(%.7) <b2+b4y b3—|—b4x> (12)

On the reference square K the basis functions associated with the internal node (0,0) are:

-(3). &=(2)

where (%, )= (1 —£?)(1 — $?). By simple calculation we obtain

16/ —b; b,
By =—
K779 ( a —Cl2>
Hence By is not singular if and only if b3a, — a3by #0. On the other hand, we see that

detJ(0,0) = b3a; —asb, and this must be non-zero, since we know that detJ (%, $) is different
from zero for all (%, y)eK. O0

=

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 39:1001-1011
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Figure 2. Three sequences of meshes of the unit square: square, trapezoidal, and asymptotically
parallelogram. Each is shown for n=2,4,8, and 16.

3. NUMERICAL RESULTS

In this section we report on the results of numerical experiments which confirm that the use
of the choice C2 (i.e. global unmapped linears) is to be preferred with respect to choice C1
(local mapped linears).

In our first test we consider the Stokes problem (1) with Q=10,1[? and an RHS f such
that the exact solution (u, p) is given by -

up = =2¢°y(1 —x)*(1 =3y +2y7%)
uy = 2xy*(1 — p)*(1 = 3x + 2x?)
p=x+y-—1

Notice that p is a linear function, so that we might expect some superconvergence
properties.

We introduce three sequences of meshes, according to the numerical experiments presented
in Reference [2] (see Figure 2). The first sequence is a standard uniform partition of the square
in n? subsquares. Each mesh of the second sequence is composed of self-similar trapezoids
in such a way that the distortion of the mesh is kept constant as 4 goes to zero. Finally, the
last sequence is built up with asymptotically parallel quadrilaterals, that is the elements tend
to become parallelograms as & goes to zero.

As it was expected, in the case of the mesh of squares the two methods are equivalent
(even though the corresponding matrices are not the same; they depend on the chosen basis
for Q). In Table I it is shown how the velocities converge with the correct rate (second
order in the H' norm and third order in L?) while the pressure superconverges with order 3
instead of 2 in 2.

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 39:1001-1011
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Table I. Errors and rates of convergence for the test problem with square mesh.

n llu — ull2 IV — u,)ll2 o= pall2
Err. (%) Rate Err. (%) Rate Err. (%) Rate

Mapped biquadratic—mapped linear element

2 8.3e — 04 15.134 9.0e — 03 35.621 1.0e — 02 0.954

4 1.2e — 04 2.179 2.8 2.3e — 03 13.534 1.4 1.3e — 03 0.119 3.0

8 1.5¢ — 05 0.276 3.0 5.6e — 04 2.251 2.6 1.7e — 04 0.016 2.9
16 1.9¢ — 06 0.034 3.0 l.4e — 04 0.561 2.0 2.1e — 05 0.002 3.0
32 24e — 07 0.004 3.0 3.5¢ — 05 0.140 2.0 2.6e — 06 0.000 3.2

Mapped biquadratic—unmapped linear element
83e — 04 15.134 9.0e — 03 35.621 1.0e — 02 0.954
4 1.2e — 04 2.179 2.8 23e —03 13.534 1.4 1.3e — 03 0.119 3.0
8 1.5¢ — 05 0.276 3.0 5.6e — 04 2.251 2.6 1.7e — 04 0.016 2.9
16 1.9¢ — 06 0.034 3.0 l.4e — 04 0.561 2.0 2.1e — 05 0.002 3.0
32 24e — 07 0.004 3.0 3.5¢ — 05 0.140 2.0 2.6e — 06 0.000 3.2

Table II. Errors and rates of convergence for the test problem with uniform trapezoid mesh.

n llu = w2 1M(u = )l 2 Ip = pill

Err. (%) Rate Err. (%) Rate Err. (%) Rate

Mapped biquadratic—mapped linear element
l.4e — 03 25.438 1.3e — 02 52.071 1.6e — 01 15.060

4 4.0e—04 7.341 1.7 6.2e — 03 24.541 1.1 9.le — 02 8.395 0.8

8 l.le — 04 1.991 1.9 3.0e — 03 12.218 1.0 3.9¢e — 02 3.606 1.2
16 2.9e — 05 0.524 1.9 1.5¢e — 03 6.248 1.0 1.8e — 02 1.685 1.1
32 7.4e — 06 0.134 2.0 7.8¢ — 04 3.177 1.0 9.0e — 03 0.836 1.0
Mapped biquadratic—unmapped linear element

2 1.2e — 03 21.064 1.2e — 02 44.026 1.2e — 02 3.066

4 1.8¢ — 04 3.335 2.6 3.3e — 03 13.170 1.7 3.3e — 03 0.805 1.9

8 22e — 05 0.405 3.0 8.3e — 04 3.319 2.0 5.5¢ — 04 0.134 2.6
16 2.8¢e — 06 0.050 3.0 2.1e — 04 0.836 2.0 1.2e — 04 0.029 2.2
32 3.5¢ — 07 0.006 3.0 5.2e — 05 0.209 2.0 2.6e — 05 0.006 2.2

For the second sequence of meshes the behaviour is completely different (see Table II). If
the pressure space is chosen locally (mapped pressures) then the suboptimality of the method
is evident: only first order in the energy norm. On the other hand with the correct global
choice (unmapped pressures) then one recovers the optimal second order accuracy.

Finally, with the asymptotically affine mesh we have results comparable with the ones
obtained with the mesh of squares (see Table III).

Our second test is a slight variant of the first one: f is chosen in such a way that the
first component of the solution u is still the same polynomial as before, while the pressure is
given by

p(x, y)= cos(nx)cos(my)

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 39:1001-1011
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Table III. Errors and rates of convergence for the test problem with asymptotically parallelogram mesh.

n llu = uyllp2 V(s = w2 2 = pall2
Err. (%) Rate Err. (%) Rate Err. (%) Rate
Mapped biquadratic—mapped linear element
2 l.4e — 03 25.438 1.3e — 02 52.071 1.6e — 01 15.060
4 1.9¢ — 04 3.515 2.8 3.5¢ — 03 14.080 1.9 2.6e — 02 2452 2.6
8 2.3e — 05 0.414 3.1 8.3e — 04 3.351 2.1 6.0e — 03 0.556 2.1
16 28e¢—06 0.050 3.0 2.0e — 04 0.801 2.1 l.4e — 03 0.132 2.1
32 34e — 07 0.006 3.0 4.8¢ — 05 0.195 2.0 3.5¢ — 04 0.032 2.0
Mapped biquadratic—unmapped linear element
1.2e — 03 21.064 1.2e — 02 44.026 1.2e — 02 3.066
4 1.7¢ — 04 3.076 2.8 3.0e — 03 11.983 1.9 2.1e — 03 0.512 2.6
8 2.1e — 05 0.391 3.0 7.6 — 04 3.018 2.0 2.6e — 04 0.064 3.0
16 2.7¢—06 0.049 3.0 1.9¢ — 04 0.755 2.0 32e - 05 0.008 3.0
32 34e — 07 0.006 3.0 4.7e — 05 0.189 2.0 3.9¢ — 06 0.001 3.0
Table IV. Errors and rates of convergence for the test problem with square mesh.
n llu = w2 1V(u = w2 17— pall2
Err. (%) Rate Err. (%) Rate Err. (%) Rate
Mapped biquadratic—mapped linear element
2 8.3e¢ — 04 15.134 9.0e — 03 35.622 1.3e — 01 25.646
4 25 —-04 4.513 1.7 5.1e — 03 20.764 0.8 3.1e — 02 6.144 2.1
8 2.1e — 05 0.386 3.5 9.2e — 04 3.717 2.5 7.6e — 03 1.528 2.0
16  2.1e—06 0.039 33 1.7e — 04 0.689 2.4 1.9¢ — 03 0.381 2.0
32 2.5¢ — 07 0.005 3.1 3.7¢ — 05 0.149 22 4.8¢e — 04 0.095 2.0
Mapped biquadratic—unmapped linear element
8.3e — 04 15.134 9.0e — 03 35.622 1.3e — 01 25.646
4  25—-04 4.513 1.7 5.1e — 03 20.764 0.8 3.1e — 02 6.144 2.0
8 2.1e — 05 0.386 35 9.2¢ — 04 3.717 2.5 7.6e — 03 1.528 2.0
16  2.1e—06 0.039 3.3 1.7¢ — 04 0.689 2.4 1.9¢ — 03 0.381 2.0
32 2.5¢ — 07 0.004 3.1 3.7¢ — 05 0.149 22 4.8¢e — 04 0.095 2.0

In this case p is not a linear function and we do not expect any superconvergence. In
Tables IV-VI we show the results obtained using the three sequences of meshes presented in

Figure 2.

4. CONCLUSIONS

In this paper we considered two possible versions of the Q,—P, Stokes element. They are
characterized by two different definitions of the space of pressures: the global (unmapped)
approach and the /local (mapped) scheme. The former was known to satisfy the inf-sup
condition, while for the latter a new proof is proposed which makes use of the macroelement

technique.
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Table V. Errors and rates of convergence for the test problem with uniform trapezoid mesh.

n llu — uyll2 1V — )l 2 o= pall2
Err. (%) Rate Err. (%) Rate Err. (%) Rate

Mapped biquadratic—mapped linear element

2 24e — 03 43.203 23e—02 92918 1.6e — 01 32.567

4 6.2e — 04 11.214 1.9 1.0e — 02 39.691 1.2 4.1e — 02 8.207 2.0

8 1.7e — 04 3.063 1.9 4.8¢ — 03 19.366 1.0 l.4e — 02 2.777 1.6
16 4.5¢ — 05 0.811 1.9 24e — 03 9.842 1.0 5.8¢ — 03 1.166 1.3
32 l.le — 05 0.209 2.0 1.2e — 03 4.996 1.0 2.8e — 03 0.550

Mapped biquadratic—unmapped linear element
1.6e — 03 29.542 1.6e — 02 64.059 1.5e — 01 30.410
4  32e—-04 5.753 2.4 6.2e — 03 24.529 1.4 3.5¢e — 02 6.984 2.1
8 3.8¢ — 05 0.694 3.1 1.5e — 03 6.144 2.0 8.6e — 03 1.720 2.0
16  4.6e —06 0.084 3.0 3.7¢ — 04 1.492 2.0 2.2e — 03 0.429 2.0
32 5.7¢ — 07 0.010 3.0 4.6e — 05 0.370 2.0 1.0e — 04 0.107 2.0

Table VI. Errors and rates of convergence for the test problem with asymptotically parallelogram mesh.

n llu — u,ll2 IV — )l 2 o= pull2
Err. (%) Rate Err. (%) Rate Err. (%) Rate

Mapped biquadratic—mapped linear element
2.4e — 03 43.203 2.3e — 02 92918 1.6e — 01 32.567
4 4.1e — 04 7.426 2.5 7.5¢ — 03 30.198 1.6 3.9¢e — 02 7.709 2.0
8 3.6e — 05 0.663 3.5 1.5¢ — 03 6.093 2.3 9.7¢ — 03 1.933 2.0
16 3.5¢ — 06 0.063 34 2.9e — 04 1.146 2.4 24e — 03 0.481 2.0
32 3.8 — 07 0.007 3.2 5.9¢ — 05 0.235 2.3 6.0e — 04 0.120 2.0

Mapped biquadratic—unmapped linear element
1.6e — 03 29.542 1.6e — 02 64.059 1.5¢ — 01 30.410
4 3.6e — 04 6.591 2.2 6.9¢ — 03 27.851 1.2 3.5¢ — 02 7.048 2.1
8 34e — 05 0.618 34 1.4e — 03 5.633 2.3 8.9¢ — 03 1.777 2.0
16 34e — 06 0.061 33 2.7e — 04 1.076 2.4 2.2e —03 0.444 2.0
32 3.7¢e — 07 0.007 3.2 5.7¢e — 05 0.226 2.3 5.5¢ — 04 0.111 2.0

Theoretical results presented in Reference [2] imply that the local pressure method cannot
be second order accurate in the case of general quadrilateral meshes because of a lack in the
approximation properties of mapped linear finite elements. Our numerical tests confirm this
result and show that the velocities are suboptimally convergent too. This is in agreement with
the standard estimates of mixed finite elements in which the primal and the dual variables are
linked together.

On the other hand, the numerical experiments for the global pressure approach show the
theoretically proven optimal convergence.

The local pressure approach, however, behaves correctly if one uses a mesh of parallelo-
grams or a sequence of meshes for which the elements tend to become parallelograms.
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